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INFLUENCE OF GRAVITATIONAL LENSING
ON THE DETERMINATION OF THE LUMINOSITY
FUNCTION OF BACKGROUND OBJECTS
Yu. L. Bukhmastova, bukhastro.spbu.ru
The distribution funtion of quasars with respet to apparent brightness
is given, found under the assumption that quasars are, at least partially,
the gravitationally enhaned images of the ative nulei of distant galaxies.
A Shehter law and a two-power law for the luminosity funtion of the
soures are used, as well as a probabilisti law of image enhanement for
various models of gravitational lenses. To find the theoretial distribution
funtion of quasars with respet to apparent brightness we use a theorem
on the probability density of a produt of random quantities. It is shown
that the slope of this funtion ranges from −1 to −2 for faint quasars, like
that for ordinary galaxies. In the ase of bright quasars, the slope of the
apparent brightness distribution funtion is determined mainly by the lensing
effet and has a lower limit of −3. The good agreement between theory and
observations suggests that statistially quasars are gravitationally enhaned
images of the ative nulei of distant galaxies. If the initial assumptions are
orret, then the luminosity funtion of galaxies and the apparent brightness
funtion for quasars are not independent but are related by means of the
differential lensing probability.
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1. Introdution
Light rays from a distant soure, passing by a massive objet or grav-
itational lens, undergo deviation. This an inrease the luminous area of
the soure. This means that the brightness of a distant soure an inrease
by tens or hundreds of times due to the gravitational foussing effet. This
an mean that the distribution funtion of soures with respet to apparent
brightness, obtained on the basis of an analysis of various observations, will
erroneously be taken as the luminosity funtion of the soures. The influene
of gravitational lensing effets must thus be taken into aount in an analysis
of the luminosity funtion of soures. The present work is a logial extension
of [1, 2℄, in whih the possible influene of gravitational lensing effets on
the appearane of lose quasar-galaxy pairs was disussed. In the present
work we suggest a method enabling one to obtain the analytial form of the
apparent brightness distribution funtion of soures (Se. 4) with allowane
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for the influene of gravitational lensing (Se. 3). It is proposed that the
soure luminosity funtion be analyzed in the form of a Shehter funtion
or a two-power law (Se. 2).
It is proposed to apply this method to the analysis of the quasar lumi-
nosity funtion as an example (Se. 5). As the basis for the arguments we
take the Barnothy-Tyson hypothesis [3-6℄, aording to whih at least some
quasars are gravitationally enhaned images of ompat massive objets ly-
ing in the entral regions of distant galaxies. Suh ompat objets may
be blak holes with masses on the order of 106 − 109.5M⊙, [7-11℄, whih,
it is generally aepted, lie in the entral regions of most galaxies. If the
surfae density of the number of normal galaxies with a stellar magnitude
down to 28m−29m is on the order of 106gal./deg2, whih follows from obser-
vations on the Hubble spae telesope, then even with a low probability of
10−4−10−6 for brightness enhanement by 3m−5m, one an expet from 1 to
100 quasars per square degree by preliminary rough estimates. At present it
is diffiult to estimate the stellar magnitudes of the presumed quasars, sine
for the lensed soures one takes not the galaxies themselves but the ompat
massive objets in their entral regions. It was pointed out in [12℄ that the
luminosities of the nulei of 42 Seyfert galaxies orrelate with the luminosi-
ties of the parent galaxies. It was pointed out in [13℄ that the masses of the
ompat massive objets are in a strit perentage ratio to the masses of the
galaxies as a whole and omprise ∼ 0.2% of the total mass of an elliptial
parent galaxy or of the mass of the bulge of a spiral galaxy. All this suggests
that the luminosities of the nulei and the luminosities of the parent galaxies
are in some perentage ratio. Hene it follows that the luminosity funtion
of the ompat massive objets or soures and the luminosity funtion of
galaxies are idential in general form, and hene the luminosity funtion of
the soures an be analyzed in the form of a Shehter law or a two-power
law. In Se. 5 of the present paper we show that in the ase of faint quasars
the observational data agree well both with the Shehter form of the soure
luminosity funtion and with the two-power law. The slope of the funtion
(the exponent in the ase of a two-power law) is from −1 to −2, just as for
galaxies. A new result is that the theoretial slope of the funtion for bright
quasars has a lower limit of −3 rather than −2, as stated in [14℄. This the-
oretial limit for bright quasars is determined mainly by the lensing effet,
in ontrast to faint quasars, for whih lensing has almost no effet on the
slope. In Se. 5 an attempt is made to reonile the theoretial result with
observational data. The main onlusions of the work are briefly formulated
in Se. 6. It should be noted that the spetra of lensed quasars are a separate
problem, whih is not treated in the present work.
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2. Luminosity Funtion of Bakground Soures
We assume that the luminosity funtion of the soures an be represented
in the form of the Shehter funtion, whih is valid for galaxies, or a two-
power law, whih is applied in partiular for the desription of galaxies and
quasars [14-19℄. The general form of the Shehter funtion is
pL(y) = n0 · y
αe−y, (1)
a < y < b, n0 =
1
Γ(1 + α, a)− Γ(1 + α, b)
, −2 ≤ α ≤ −1, where y =
L/L0, L0− being the harateristi luminosity of the soures. Here a and
b are the lower and upper limits of the relative luminosity and Γ(α, x) is a
partial gamma funtion. The luminosity funtion of soures in the form of a
two-power law is
pL(y) =
{
c1y
α, a < y ≤ k,
c2y
β, k < y < b.
(2)
Here a and b are the lower and upper limits of the relative luminosity, k is
the boundary of the break in the two-power law, and c1 and c2 are onstants,
and α and β are exponents determining the slope of the luminosity funtion
for faint and bright soures, respetively.
3. Differential Lensing Probability
We assume that all soures lie at some average fixed distane (orrespond-
ing to a redshift z ∼ 1) and we onsider the ase of onsiderable brightness
enhanements (µ > 1). For various models of gravitational lenses [1, 14℄, the
differential probability that a soure with a fixed redshift will be enhaned
by a fator of µ is defined as
pA(µ) =
ν − 1
µν
, µ > 1, ν > 1. (3)
The value of ν is lose to 3.
4. Distribution Funtion of
Apparent Brightness of Lensed Soures
Having the soure luminosity funtion (1) or (2) and the probability (3)
that soures will be enhaned by a fator of µ, we an determine the apparent
brightness funtion for lensed soures. For this we must use a theorem on
the probability density of a produt of independent random quantities [20℄.
We define the apparent luminosity l of a soure as the produt of the soure's
luminosity L times the amplifiation ratio A. We thus have l = A ∗ L. We
onsider the probability distribution densities of three random quantities,
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pl(x), pA(m) and pL(y). We introdue the variable of integration u = x/µ.
The probability density for the distribution of lensed soures with respet to
apparent brightness is defined as
pl(x) =
∫
∞
0
pL(u) · pA
(x
u
)du
u
. (4)
With allowane for (1) and (3), we have
pl(x) = n0
ν − 1
xν
[
Γ(ν + α, a)− Γ(ν + α,min{x, b})
]
. (5)
The slope of this funtion is defined as β(x) = −
d lnpl(x)
d lnx
. With allowane
for (5), we have
β(x) = −

 ν −
xν+αe−x
Γ(ν + α)− Γ(ν + α, x)
, a < x < b,
ν, x > b.
(6)
Using (2) instead of (1), with allowane for (3) and (4) we obtain the following
expressions for the apparent brightness funtion for lensed soures:
in the ase of faint soures
pl(x) ∼ c1c2
(
xα
ν + α
−
x−νaν+α
ν + α
)
, (7)
in the ase of bright soures
pl(x) ∼ c2c3
(
xβ
ν + β
−
x−νkν+β
ν + β
)
. (8)
5. Apparent Luminosity of Quasars
Many authors have said that quasars may be objets enhaned by gravi-
tational lensing. It was suggested in [14℄, in partiular, that the brightness of
quasars may be enhaned by gravitational lenses loser to the observer. This
means that quasars may atually be fainter objets than they seem. The
authors of [14℄ onsidered the luminosity funtion of quasar soures in the
form of a two-power law and used a differential lensing probability funtion
to obtain the apparent luminosity funtion, whih turned out to be flatter
than the observed funtion. They obtained a theoretial lower limit of −2 on
the exponent of the luminosity funtion of bright quasars, haraterizing the
slope of that funtion. The quasar luminosity funtion is often represented in
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the form of a two-power law. On the basis of observational data on more than
1000 quasars with 0.1 < z < 3.3 [16℄ and some 200 quasars with 2.0 < z < 4.5
[17℄, it was onluded in [18℄ that the luminosity funtion for faint quasars
is Φ ∼ L−1.7, while that for bright quasars is Φ ∼ L−3.6. The exponents
α = −1.7 and β = −3.6 determine the slopes of the luminosity funtions
for faint and bright quasars, respetively. Values of −1.96 < α < −1.55
and −3.75 < β < −3.45 are given in the 2dF QSO survey [19℄. Aording
to the observational data of [21℄, α = −1.4, β = −2.6. There is thus a
spread in the values of the exponents determined from different observations:
−2 < α < −1, −3.75 < β < −2.6.
Let us assume that quasars are the enhaned ative nulei of distant
galaxies. The luminosity funtion of the soures then orresponds to the
luminosity funtion of ative galati nulei. Let us onsider the Shehter
form (1) of the luminosity funtion of galati nulei. For galaxies we have
−2 ≤ α ≤ −1, and for determinay we take α = −1. We also take ν = 3
in Eq. (3). In this ase, the distribution funtion of quasars with respet to
apparent brightness with allowane for (5) has the form
pl(x) =
2n0
x3
[
(a+ 1)e−a − (x+ 1)e−x
]
, (9)
while the slope of the funtion is
β(x) = −


3− x2e−x
(a+ 1)e−a − (x+ 1)e−x
, a < x < b,
3, x > b.
(10)
In Fig. 1 we give the luminosity funtion for ative galati nulei (a), the
apparent brightness distribution funtion for quasars (b), determined from
Eq. (9), and the approximations for faint quasars (pl(x) ∼ x
−1.4) and bright
quasars (pl(x) ∼ x
−2.6) in aordane with the observational data of [21℄.
It is seen from this figure that good agreement between the theoretially
obtained dependene pl(x) and the observational approximations is ahieved
for α = −1.4, β = −2.6 As follows from Eq. (10), the slope of the funtion for
bright quasars has a lower limit of −3, so agreement with other observational
data is ahieved with some streth.
As an example, in Fig. 2 we give the apparent brightness distribution
funtion (9) for quasars with two observational approximations for faint
quasars, with a slope α = −1.7, and for bright quasars, with β = −3.6
[18℄.
In Fig. 3 we give graphs of the surfae brightness funtion for quasars
in the forms (7) and (8), as well as observed approximations with α =
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−1.7, β = −3.2 [22℄. The adopted values of the parameters are ν = 3, a =
0.1, k = 0.5, c1c2 = 0.6, c2c3 = 0.6, α = −1.8, β = −6.
The good visual agreement between the theoretial and observational sur-
fae brightness distribution funtions for quasars suggests that a orretion
evidently should be introdued into the observational data with allowane
for the threotially predited lower limit of −3 for the exponent.
6. Conlusion
The gravitational lensing effet an affet the brightness of ative nulei
ompat soures in the entral regions of massive galaxies. Objets of in-
reased brightness, whih will have the observed properties of quasars, an
appear in this ase. Using the differential lensing probability funtion, from
the luminosity funtion for galati nulei the quasar distribution funtion
with respet to apparent brightness was obtained, whih is often taken as the
quasar luminosity funtion. Two onsequenes were formulated on the basis
of this assumption. In the ase of faint quasars, the lensing effet has little
influene on the slope of the apparent brightness distribution funtion, whih
in this ase ranges from −1 to −2, like the luminosity funtion for ordinary
galaxies. In the ase of bright quasars the slope is determined mainly by the
lensing effet and has a lower limit of β = −3, in ontrast to the result of
[14℄, in whih it is stated that the slope of the apparent brightness funtion
for lensed bright quasars annot overstep the value β = −2.
Our quasar distribution funtion (9) with respet to apparent brightness
an have different power-law approximations. This makes it possible to re-
onile the theoretial result with various observational data, whih is indiret
onfir-mation of the lensed nature of the inreased brightness of quasars. If
suh assumptions are orret, then the luminosity funtions of galaxies and
quasars are not independent but are related by means of the differential lens-
ing probability. Along with the quasar distribution funtion (5) with respet
to surfae brightness in general form, working equations (7) and (8) were
obtained for faint and bright quasars. It should be noted that this method
of allowing for the lensing effet in an analysis of the luminosity funtion an
be applied to any other objets.
The author thanks Yu. V. Baryshev for a useful disussion of this prob-
lem, as well as D. S. Bukhmastov for tehnial assistane in preparing the
publiation.
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